Discrete Mathematics
Recitation Course 7



/-1

Recurrence Relations



/-1 Ex.8

* Find the solution to the recurrence relation with the
given initial condition.

* ¢c)a, =a,_1—n,ay, =4

A, = —n+a,_q
=-n+(-(n-1)+a,,)= —(n +(n— 1)) +an—»
= —(n + (TL — 1)) + (—(TL— 2) + ﬂ,n_g) — —(TL + (TL — 1) + (n_ 2)) + Un-3

=—(n+(-D+@-D++(n— (- 1))+ any
—-n+(n-1)+MmM-2)+-+1)+aq

n(n+1) _ -n?-n+8
—— * 4 = .




/-1 Ex.24

a) Find a recurrence relation for the number of bit
strings of length n that contain three consecutive 0s.

b) What are the initial conditions?

c) How many bit strings of length seven contain three
consecutive 0s?

Xl1=>a,_41,X10=>a,_,,X100 =>a, _3,
X000 => 2™~3

forn>3,a,=a,_1+a,_, +a,_3+ 2"
Qg =a1 =a, =0

47



/-1 Ex.30

a) Find a recurrence relation for the number of ternary
strings of length n that contain two consecutive 0Os.

b) What are the initial conditions?

c) How many ternary strings of length six contain two
consecutive 0s?

X1=>a,_1,X2=>a,_1,X10=>a,_,,X20=>a,_,
X00 => 32

forn > 2,a,, = 2a,_1 + 2a,,_, + 3¢

ag =a; =0

281



/-2

Solving Linear Recurrence Relations



/-2 Ex.4

Solve these recurrence relations together with the initial
conditions given

a)a, = an_1+6a,_,forn=2a,=3,a, =6.
fa, = —6a,,_1 —9a,,_, forn = 2,ay = 3,a; = —3.

r2—r—6=0r=-2,3

a, = a;(—2)"+a,3"

3=a;+ ay

6 =—2a; + 3a,

a; = E, Ay = 22
5 5

a, = (3/5)(—2)"+ (12/5)3"



7-2 Ex.4 (cont’d)

re+6r+9=0 r=-3, -3
a, = a;(—3)"+an(—3)"

3=a1
_3=_3a1_3a2
a1=3 a2=—2

a, = 3(—3)"—-2n(-3)" = (3 —-2n)(—3)"



/-2 Ex.12

Find the solution to a,, = 2a,,_1 + a,,_, — 2a,,_3
withay, = 3,a; = 6,a, = 0.

r3—2rt—r+2=0r=1, —-1,2
a, = a; + a,(—1)"+a32"
3=a;+a, +aj
6=a, —a, +2a;
0=a; +a, +4a,

a, =6—2(—1)"-2"



/-2 Ex.18

Solve the recurrence relation a,, = 6a,,_1 — 12a,_, + 8a,,_3
withag = =5,a4 = 4,a, = 88.

r3—6r°+12r—-8=0=0r-2)3,r=2,2,2
a, = a 2" + a,n2" + azn?2"

-5 =m

4 =201 + 20, + 203

88 = 4a, + 8a, + 1603

1 13
a, = —5- 2”+E-n2”+?n22”

= —5-2"+ (n+ 13n%)-2""1



/-2 Ex.20

Find the general form of the solutions of the
recurrence relation a,, = 8a,,_, — 16a,,_,4.

rt—8r2+16 = 0= (r2 — 4)2= (r — 2)2(r + 2)2
r=22,—2,—2
* a, = (I12n + a:;_nZ" + a3 (—2)"+a:4n(—2)"



/-2 Ex.22

* What is the general form of the solutions of a
linear homogeneous recurrence relation if its
characteristic equation has the roots
-1, -1, -1, 2, 2, 5, 5, 77

v ap = (a9 + agn+ a,n?) (D" +
(“2}0 + azrln)zn -1- (“3,0 + Crgjln)sn +
Uyo7"



/-2 Ex.24

Consider the nonhomogeneous linear
recurrence relation a,, = 2a,,_; + 2™.

— a) Show that a,, = n2" is a solution.
— b) Find all solutions of this recurrence relation.
— ¢) Find the solution with a, = 2.

2n—1)2" 142" = (n—1)2" + 2™ = n2™
a,"™isa, = a2", soa, = a2™ +n2"
2=a,a,=2-2"+n2" =2 +n)2"



/-2 EX.26

What is the general form of the particular solution guaranteed
to exist by the theorem of the linear nonhomogeneous
recurrence relation a,, = 6a,,—1 — 12a,,_, + 8a,,_3 + F(n) if

a) F(n) = n?? p,n% + pin + vy

b) F(n) = 2™? n3py 2™

c) F(n) = n2™? n3(pn + pg) 2™

d) F(n) = (=2)"? po(—2)"

e) F(n) = n%2™? n3(p,n? + pyn + py) 2"

f)F(n) = n3(=2)"? (p3n® + pn® + pin+py) (=2)"
g) F(n) = 37 Po



/-3

Divide-and-Conquer Algorithms and
Recurrence Relations



/-3 EX.8

* Find f(n) whenn = 3%, where f satisfies the
recurrence relation f(n) = 2f(n/3) + 4 with

(1) = 1.

» f(n) = C;n'°8 2 4 C, where
—C

+ G =—+f(1and C; = —

a a—1
* Nowa=2,b=3,c=4,andf(1) =1
¢ C1=SandC2=—4
¢ f(n) =5n'°832 — 4




/-3 EX.9

e Suppose that there are n = 2¥ teams in an
elimination tournament, where there are n/2
games in the first round, with the n/2 = 2%1
winners playing in the second round, and so
on. Develop a recurrence relation for the
number of rounds in the tournament. Also,
Solve the recurrence relation for the number
of rounds in the tournament.



7-3 Ex.9 (cont.)

If there is only one team, then no rounds are

needed, so the base case is R(1) = 0. Since it
takes one round to cut the number of teams in

half, we have R(n) =1+ R(n/2)
R(2%) = a*R(1) + ¢ X} '
c=1,a=1,and R(1) = 0.
R(2M) =X 1t =k



Master theorem examples

Ex. 1: T(n) = 4T(g) +n

— Compare f(n) = n with n/09% = n2: f(n) =n = 0(n2%)
— Case 1 applies: T(n) = ©(n°%2) = ©(n?).
Ex. 2: T(n) = 2T(%) +n

— Compare f(n) =n With n'°9% = n: f(n) =n = O(n).
— Case 2 applies: T(n) = ©(n%%|gn) = O(nlgn).



Master theorem examples

Ex. 3: T(n) = 3T(—:¥)+n|gn
— Compare f(n) = nlgn with #1992 = 079 {(n) = nlgn =
Q(n0'79+‘).

— Case 3 could apply: Need to check for “reqularity” condition
that af(n/b) < cf(n).

¥ Find ¢ <1 s.t. af(n/b) < cf(n) for large enough =.

n, n e _3
* 3-4-;!9;5 cn lgn which is true for e=<

— Case 3 applies: T(n) = ©(f(n)) = O(nlgn).



/-5

Inclusion-Exclusion



/-5 EX.6

* |n a survey of 270 college students, it is found
that 64 like coke, 94 like red tea, 58 like green
tea, 26 like both coke and red tea, 28 like both
coke and green tea, 22 like both red tea and
green tea, and 14 like all of them. How many
of the 270 students do not like any of these
beverages.

 270-64-94-58+26+28+22-14=116



